Areas and perimeters

4™ AUTUMN SERIES DATE DUE: 4™ JANUARY 2016

Pozor, u této série piijimame pouze FeSeni napsana anglicky!

PROBLEM 1. (3 POINTS)
There are two unit squares. In the first one a circle is inscribed. The second one is divided into
49 congruent squares and in each of them a circle is inscribed. Decide what is bigger: the area
of the circle in the first square, or the sum of the areas of all circles in the second one?

PROBLEM 2. (3 POINTS)
Three circles with perimeter 36 are given. Each two of them touch as shown in the picture.
What is the perimeter of the area between the circles (grey in the picture)?

PROBLEM 3. (3 POINTS)
Divide a unit square into 2015 (not necessarily congruent) rectangles with perimeter 2.

PROBLEM 4. (5 POINTS)
The exterior angle at the vertex A of a triangle ABC equals 3p. Let D, E be points on its
sides AB and CA respectively, such that |<TADC| = 2|<XTABE| = 2¢. Prove that the ratio of

perimeters of triangles ADFE and ABC' is equal to ‘lﬁg} .

PROBLEM 5. (5 POINTS)
A convex quadrilateral ABCD is given. Let M and N denote the midpoints of AB and CD
respectively. Furthermore, let the intersection of AN and DM be X and the intersection of BN
and CM be Y. Prove that the sum of the areas of triangles ADX and BCY is equal to the
area of quadrilateral M X NY.

PROBLEM 6. (5 POINTS)

A triangle with heights hi, ha, h3 and perimeter p is given. Prove that the inradius of the
triangle with sides 1/h1, 1/ha, 1/h3 is equal to 1/p.



PROBLEM 7. (5 POINTS)
Matéj drew a convex 2016-gon. Rado is curious about its area. They agreed Rado can choose
two points on its perimeter and draw a line passing through them which splits the 2016-gon in
two parts. Then Matéj tells Rado the smaller one of the areas of these parts. Is it enough for
Rado to repeat this 2013 times to determine the area of the 2016-gon? To choose a point X on
the perimeter means to choose two adjacent vertices A and B of the 2016—gon and the ratio
r € (0,1) such that r = |[AX|/|AB].

PROBLEM 8. (5 POINTS)
A unit square is cut into rectangles. Each of them is coloured by either yellow or blue and inside
it a number is written. If the color of the rectangle is blue then its number is equal to rectangle’s
width divided by its height. If the color is yellow, the number is rectangle’s height divided by
its width. Let x be the sum of the numbers in all rectangles. Assuming the blue area is equal
to the yellow one, what is the smallest possible x?
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4T AUTUMN SERIES MODEL SOLUTIONS

Problem 1.

There are two unit squares. In the first one a circle is inscribed. The second one is divided into 49
congruent squares and in each of them a circle is inscribed. Decide what is bigger: the area of the
circle in the first square, or the sum of the areas of all circles in the second one?

(Marta Kossaczka)

SOLUTION:

Let r be the ratio of the area of a square to the area of its inscribed circle. The second square is
divided into 49 small squares, which are similar to the first unit square. In each of them, the ratio
of the area of the square to the area of the inscribed circle is r. Therefore the ratio of the area of
the second square to the sum of the areas of all circles is also r. Since both unit squares have the
same area, the area of the large circle is equal to the sum of the areas of the small circles.

POZNAMKY:

Vétsina fesitelt jen spocitala obsahy kruh, objevilo se ale i nékolik feSeni podobnych vzorovému,
coz mé potésilo. Vyhoda vzorového feseni je kromé elegance i to, Ze by takovy pfistup fungoval pro
slozitéjsi utvary nez je kruh, u kterych bychom tfeba ani nebyli schopni jednoduse vypocitat jejich
obsah.

Céast feseni pocitala s obecnou délkou hrany étvercti misto jednotkové, kterd byla zminéna
by urcité nebylo od véci si poradné precist zadani, i kdyz je anglicky.

(Martin Téopfer)

Problem 2.

Three circles with perimeter 36 are given. Each two of them touch as shown in the picture. What
is the perimeter of the area between the circles (grey in the picture)?

(Rado Svarc)



SOLUTION:

First, note that the perimeters of the three circles are equal, and so are their radii (let us denote them
by 7). Therefore, the centers of the circles are vertices of an equilateral triangle. The endpoints of
each of the three arcs forming the grey area clearly lie on the sides of the triangle because the tangent
point of two circles lies on the line segment joining their centers. Thus, the angle corresponding
to each arc is 60°. Since 60° is 1/6 of 360°, the length of each arc is % of the perimeter of the
circle. So the length of each arc is 6, and because the grey area is bounded by three such arcs, the

perimeter we are trying to determine is 18.

PoOzNAMKY:

Témér vsichni resitelé sepsali tlohu tak, Ze jsem se rozhodl dat jim plny pocet bodi. Na druhou
stranu témér v poloviné vsech feSeni chybélo jakékoliv vysvétleni, pro¢ je trojuhelnik vytvoreny
stfedy kruznic rovnostranny. Angli¢tina byla v drtivé vétsiné pfipadil srozumitelna, rad bych ale
upozornil na dvé nejcastéjsi chyby. Za prvé, rovnostranny trojuhelnik je ,equilateral triangle“, velmi
Casto jsem misto toho vidél v feseni napsano ,isosceles”, coz znamené trojuhelnik rovnoramenny.
Za druhé, polomér, tj. ,radius“, ma dvé moznad mnozna cisla, ,radiuses“ a ,radii“. Druha uvedena
moznost je vSak mnohem béznéjsi a téz vhodnéjsi. (Viki Némecek)

Problem 3.
Divide a unit square into 2015 (not necessarily congruent) rectangles with perimeter 2.
(Rado Svarc)

SOLUTION:

Along the perimeter of the unit square we place four rectangles with sides —%_ and 2022 (thus with

4024 4024
1 4023\ _ o\ i ini i
1053 + m) = 2)—see the picture. The remaining space forms a smaller square with

side 1 —2- ﬁ = 38%. This square can be divided into 2011 rectangles with sides 20% and 38%.

All of them have perimeter 2, so we divided the unit square into 2015 rectangles with perimeter 2.

perimeter 2- (
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PozNAMKY:

Zhruba tfi ¢tvrtiny feseni byly spravné a vSechna dospéla ke stejnému obrazku. Vétsina resiteld
také komentovala, jak dosla k délkam stran. To neni nutné — staci dokéazat, Ze nalezené resSeni
opravdu funguje, coz muze tfeba v olympiddé usetfit cas. Jak se na to teda pfijde? Po zjisténi, ze
2015 obdélniku vedle sebe nefunguje, dostaneme napad, ze ddme ¢étyfi obdélniky okolo a zbytek
rovnomeérné nakrajime. Pak kratsi stranu obdélnika na obvodu oznacime jako x a znalost obvodu
a strany rozdélovaného ¢tverce uz ndm daji rovnice pro x které maji jednozna¢né feseni 1/4024. U
neuspésnych feseni bylo nejcastéjsim problémem nepochopeni pojmu ,unit square“, coz znamena
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jednotkovy ¢tverec neboli ¢tverec o délce strany 1. Rozdéleni obecného étverce je ale o dost jedno-
dussi aloha. (Josef Svoboda)

Problem 4.

The exterior angle at the vertex A of a triangle ABC' equals 3¢. Let D, E be points on its sides
AB and CA respectively, such that |<<{ADC| = 2|<{ABE| = 2¢. Prove that the ratio of perimeters

of triangles ADE and ABC' is equal to %.

(Martin ,,E.T.“ Sykora)

SOLUTION:

The interior angles of the triangle ADC have to sum up to 180°, therefore |<{DCA| = ¢. We notice
that |<<TECD| = ¢ = |<<EBD]| and this is sufficient for the quadrilateral DBCE to be cyclic. Thus

|<<CBA| = |XCBD| = 180° — |<DEC| = |<{DEA|.

Furthermore, triangles AED and ABC share the angle by vertex A, and so they are similar by AA.
Let k denote the scale factor of those similar triangles, that means

_|AE| _|AD| _|ED|
" |AB| ~ |AC| ~ |BC|’

Hence we get

perimeter(ADE)  |AD|+ |DE|+|EA| _ k-|AC|+k-|BC|+k-|AB| k= |AE|
perimeter(ABC) ~ |AB| +|BC|+|CA| — |AB| + |BC| + |CA| - |AB

POZNAMKY:
Ulohu §lo téz vyfesit zcela bez pouziti tétivového &tyithelniku. Vsimneme-li si, Ze trojuhelniky
AEB a ADC jsou podobné podle uu , dostaneme |AE|/|AD| = |AB|/|AC|. Navic trojuhelniky
AED a ABC sdileji thel pfi vrcholu A, tudiz jsou podobné dle sus.
Nekteri resitelé pouzili nékolikrat sinovou, popfipadé kosinovou vétu, ¢imz ale ziskali vyrazné
Jazykova poznamka na zavér — slovo sentence znamend gramatickd véta , nikoli matematicka.
Doporucuji si osvojit slova theorem, claim. (Misa Hubatovd)



Problem 5.
A convex quadrilateral ABCD is given. Let M and N denote the midpoints of AB and CD
respectively. Furthermore, let the intersection of AN and DM be X and the intersection of BN
and CM be Y. Prove that the sum of the areas of triangles ADX and BCY is equal to the area of
quadrilateral MXNY .

(Rado Svarc)

SOLUTION:

The quadrilateral ABCD is convex so the points X and Y lie inside it. Let [X1X2 ... Xy] denote
the area of the polygon X1Xs...X,. We seek to prove that [ADX] + [BCY]| = [MXNY]. Add
[AX M] + [BY M] to the both sides of the equation to get an equivalent statement

[ADM] + [BCM] = [ABN].

Let D/, N’ and C’ be the perpendicular projections of D, N and C respectively onto the line
AB.! Note that DD'C'C is a trapezoid, where CN = ND and NN’ || CC' || DD’'. So NN’
is the bimedian of the trapezoid and NN’ = (CC’ + DD'’)/2. Now we can compute [ABN] and
[ADM] + [BCM]:

1 1 _CC' + DD’
[ABN| = SAB-NN' = 5AB+
1 1 1 AB 1 AB
[ADM] + [BCM] = 5AM -DD' + 5BM -0C! = 57DD’ + 57O(J’

Therefore [ABN] = [ADM] + [BCM].

D N C

POZNAMKY:
Uloha byla pomérné jednoducha, ¢emuz odpovida veliky pocet feSeni za plny pocéet bodt. Mnoho
fesiteldi zdtivodnilo rovnost NN’ = (CC’ + DD’)/2 jen velmi vagné (N je stied CD, proto ... ).
Body jsem za to nestrhéval (pokud bylo zdiivodnéni alespoii néjaké), ale pozor na to, podle mé to
Gplné zfejmé neni. Pfitom existuje mnoho riznych dikazl, od téch méné elegantnich (dokresleni
pruseciku AB a C'D ¢&i trigonometrie) pies Gvahy o linearité kolmé projekce az po velmi elegantni
pozorovani se stfedni prickou lichobézniku.

V podstaté vsichni Fesitelé také zapomnéli zduvodnit, pro¢ X a Y lezi uvnitt ABCD, prestoze
s tim pracovali (rozkladali obsahy vétsich trojuhelnik na souéty obsahii mensich).

(Matéj Konecény)

1D’ is the foot of the D-altitude in the triangle AMD and N’ and C’ are defined similarly.
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Problem 6.

A triangle with altitudes h1, ha, hs and perimeter p is given. Prove that the inradius of the triangle
with sides 1/h1, 1/h2, 1/h3 is equal to 1/p. (Rado Svarc)
SOLUTION:

Let a1, a2 and a3 be the sides of the original triangle so that h; is the height corresponding to

a; and let p be its inradius. By combining various formulae for the area of a triangle, we get

% = E£, which implies hi = %. This means that the new triangle is similar to the original one
with coeficient ﬁ. Therefore, the inradius of the new triangle is equal to # = %.
PozNAMKY:

Uloha nebyla pfilis obtizna a mnoho Fesitel ji udolalo — néktefi pékné, néktei méné. Kratka a, /nebo
tuhledni feseni, ve kterych se neobjevovaly odmocniny, jsem odménoval imaginarnim bodem.

Rad bych upozornil na to, zZe néktefi psali ,,sentence sss“, coz je cechismus, ktery se do anglictiny
spravné pieklada jako ,,SSS theorem“. (Pokud by se objevila napf. véta sus, prekladala by se jako
»SAS theorem*.) Déle plati, Ze piestoze se pro Héréna Alexandrijského v angli¢tiné pouziva jméno
Hero of Alexandria castéji nez Heron of Alexandria, jeho vzorec se stale preklada jako Heron’s
formula.

Nakonec bych rdd do budoucna ucastniky poprosil, aby si dévali pozor na to, co povazuji za
zndmé. V feSeni této tlohy se Casto objevil vzorec 1/p = 1/h1 + 1/ha + 1/h3 a tvrzeni o tom, Ze
prevriacend hodnota obsahu trojuhelnika je rovna

4- H(H—i> (H—i> (H—i>, kdeH:iﬁ-i-ﬁ-i.
h1 ha hs 2h1 2ho 2h3

Ja jsem ani jedno z téchto tvrzeni neznal, a prestoze jejich ditkaz neni slozity, rozhodné neni ani

trividlni. Vim, Ze neni jasné, co vSe se da prohlasovat za znamé, ale v nasem seminafi obecné plati,
ze pokud si nejste jisti, ze je to opravdu hodné zndmé, a neni to uvedené v tvodnim textu, tak
bychom byli radi, kdybyste alespon ocitovali zdroj, ze kterého cerpate. To udélali jen sourozenci
Kopfouvi, které timto vefejné chvalim. OvSsem pokud jste skutecné citovanou vétu pouzili spravné,
body jsem nestrhéval. (Rado Svarc)

Problem 7.
Matéj drew a convex 2016-gon. Rado is curious about its area. They agreed Rado can choose two
points on its perimeter and draw a line passing through them which splits the 2016-gon in two
parts. Then Matéj tells Rado the smaller one of the areas of these parts. Is it enough for Rado to
repeat this 2013 times to determine the area of the 2016-gon? To choose a point X on the perimeter
means to choose two adjacent vertices A and B of the 2016—gon and the ratio r € (0,1) such that
r=|AX|/|AB].

(Anh Dung ,,Tonda“ Le)

SOLUTION:

Suppose the vertices of the polygon are Aj, Asa,..., A2016 in clockwise order; let the midpoint
of segment A;A;+1 be S; for i = 1,...,2016 (where A2917 = A1). Suppose X is a point on the
perimeter of the 2016-gon but not on the sides A; A2 and A2p16A1. We will use [X] to mean Matgj’s
answer if Rado chooses the line A; X. Line A1 X divides the 2016-gon into two polygons, let X,
be the one that contains Azg16 and X i the one that contains Ag. Also, let [X ] and [XRg] be their
areas respectively. Write [ABC] for the area of a triangle ABC.

From the problem statement we have [X]| = min ([X ], [XRg]). Next, note that

1
[A1A4;S;] = [A14;415:] = 5[141141'142'-5-1]
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because median divides a triangle into two parts with the same area (the two triangles have the
same length of one side and of the respective height).
Now we will prove one auxiliary lemma.

Lemma. If X andY are points on the perimeter such that [X] < [Y] then the polygon among
X1, Xgr that does not contain Y has area [X].

Proof. WLOG? assume that X; does not contain Y. Because X contains Yz we have
min([Xr], [Xg]) = [X] < [Y] = min([Yz], [YR]) < [YR] < [XR],

so really [X] = min([X 1], [XRg]) = [XL]. (|

Now, let us describe a strategy that Rado can use. First we can ask about lines A; A1g0s and
A1A1009. By the lemma above, in the case of [A1008] < [A1009] we know that [A100s] represents
the area of (A100s8)r and otherwise [A1009] represents the area of (A1009)r. Because [(A2)r] =
[(A2016) 1] = 0, in both cases we are in the situation where we know the area of (A;)r, and (4;)r
for some i, j that satisfy ¢ — 7 < 1008 (either ¢ = 2016 and j = 1008 or ¢ = 1009 and j = 2).

Aq

()] = [(Aj41) L] + 3[A14;4511]

A;

Suppose we know the area of (A;)r, and of (A;)r and first assume that [(A;)g] < [(As)r]. If
we ask about the line A1S; we get

1551 = min(((A;) ] + 5141 A; Ay 1], [(Ag1)2] + 5 A1 445 4))
Because
[(Aj+1)L] + %[AlAjAHﬂ > [(A)r] + %[AlAjAHﬂ > [(45)r] + %[A1Ajz4j+1]7

we know
1551 = [(A))R] + 5[A14; 4511,

2Without Loss Of Generality



From this we can compute [(A;11)r] = [(Aj)r] +2- ([S;] — [(Aj)r])- If [(A;)R] > [(Ai)L] we can
ask about the line A1.5;_1 and analogically compute the area [(A;—1)]. In any case, the difference
between 7 and j decreases by one with this step so after at most 1008 steps we will have i = j and
we will know the area of the 2016-gon is [(A4;)r] + [(A:)r]-

We have used at most 2 + 1008 questions so the answer is yes, Rado can determine the area of
the 2016-gon in 2013 questions.

PozNAMKY:

Neékolik lidi bohuzel pochopilo tlohu Spatné a napiiklad nechali Rada délat geometrické konstrukce,
aby nasli spravnou dvojici bodl, na které se ma zeptat. Ale jediny zpusob, jak Rado muze vybrat
prislusné body, je popsan v zadani. Nemalé Casti téch, ktefi tilohu vyfesili spravné, trochu pokul-
havala argumentace, ale rozhodl jsem se strhavat body az za vétsi pochybeni.

Vétsina spravnych feseni byla vice méné podobna tomu vzorovému. Dalsi cast feseni také za-
fixovala Aq, ale pak se snazila najit takovou stranu A;A; 1, uvnitf které lezi bod X takovy, ze
A1 X puli obsah zadaného 2016-uhelniku. V tomto trojuhelniku jde zjistit obsah celého mnoho-
thelniku tfemi dotazy A1A;, A1S;, A1A;4+1. Za elegantni feseni si vyslouzil imaginarni bod Vidclav
Steinhauser, ktery si naopak zafixoval stranu a hledal takovy spravny tfeti vrchol, aby z vysledného
trojuhelniku mohl dopocitat obsah celého mnohouhelniku.

Neékolik Fesitelt si v8imlo, Zze otdzek staci polozit mnohem méné (rekord drzi Frantisek Couf
s 18 otézkami), napiiklad s vyuzitim ternarniho vyhledavani® — otdzkami ale nebylo potieba Setfit
a takovéto snahy Casto jen zkomplikovaly sepisovani. (Stépan Simsa)

Problem 8.

A unit square is cut into rectangles. Each of them is coloured by either yellow or blue and inside
it a number is written. If the color of the rectangle is blue then its number is equal to rectangle’s
width divided by its height. If the color is yellow, the number is rectangle’s height divided by its
width. Let © be the sum of the numbers in all rectangles. Assuming the blue area is equal to the

yellow one, what is the smallest possible x?
(Rado Svarc)

SOLUTION (BY FILIP BIALAS):
First, we will prove that sides of each rectangle must be parallel to the sides of the unit square.
Let G be a graph, whose vertices are the rectangles. Two rectangles are connected if their sides
intersect at more than one point. If a rectangle is not adjacent to the lower side of the unit square
then there is a neighbour below it. Eventually we will reach the lower side which is parallel to the
sides of the initial rectangle.

Consider the unit square described in the problem. Let’s say that there are r yellow and s blue
rectangles. Denote the heights and widths of yellow rectangles by a1, a2, - ,a, and b1, b2, -+ , by
and the heights and width of blue rectangles by c1,c2, -+ ,cs and d1,ds2, - - - ,ds, respectively. Then

~ 1 ° 1
ii 1aibi =3 E_ dic; = 3
oy eyl
im1

By the Cauchy-Schwarz inequality in the fractional form:

So-sats Eael (s

3 https://en.wikipedia.org/wiki/Ternary_search
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And therefore

S S 2
Z d; Z
Ci =7 (z‘l >

i=1

() wa(s)

1=1

Which yields a lower bound

Now we will show that at least one of the sums > 7_; a; and ) ;_; d; is greater or equal to 1.
Suppose not. Consider the projection of the yellow rectangles onto the right side of the unit square.
It does not cover the whole side because the sum of the heights of the yellow rectangles is less
than 1. So there is a horizontal strip which does not contain any yellow point. Similarly, there is
a vertical strip which does not contain any blue point. The intersection of these two strips is not
coloured, contradiction. Without loss of generality assume >_|_; a; > 1.

S S
Zdi > Zcidi =3
i=1 i=1
. 2 s 2
222<Zai> +2<Zdi> >
=1 =1 2

The value g is attained if we cut the unit square horizontally in the middle, so the minimum is
indeed g

Y
|

POZNAMKY:
Dosla tfi spravna feseni, pticemz vSechna jsou podobné vzorovému. Ostatni se mé pokusili presvéd-
Cit, ze = je mensi, pokud jednotkovy Ctverec rozdélime na méné obdélnikl, coz je sice intuitivni,
ale dokéazat se to nikomu nepodarilo. Chtél bych pochvalit Filipa Bialase za pékné napsané feSeni
i elegantni zdtivodnéni rovnobéznosti, ¢imz si zaslouzil +i.

Nevim pro¢, ale nemalo fesitelti pouzilo termin ,,weight* pro sifku, pfestoze jsme pfimo v zadani
uvedli ,width®. (Anh Dung ,, Tonda“ Le)



